In this note, we generalize some theorems on zero-sums with weights from 
Davenport and Harborth constants for subgroup weights
For a finite abelian group G and any non-empty A ⊂ Z, the Davenport constant of G with weight A, denoted by D A (G), is defined (see [2] , [3] and [5] for instance) to be the least natural number k such that for any sequence (x 1 , . . . , x k ) of k (not necessarily distinct) elements in G, there exists a nonempty subsequence (x j 1 , . . . , x j l ) and a 1 , . . . , a l ∈ A such that l i=1 a i x j i = 0. Clearly, if G is of order n, one may consider A to be a non-empty subset of {0, 1, . . . , n − 1} and we avoid the trivial case 0 ∈ A.
For natural numbers n and d, considering the additive group G = (Z/nZ) d , for a subset A ⊂ Z/nZ \ {0}, we shall use the symbol D A (n, d) to denote D A (G) in this case; for the case d = 1, the notation D A (n) has been used (see [2] , [4] , [5] , for instance) for D A (n, 1).
Similarly, for A ⊆ Z/nZ \ {0}, the constant f A (n, d) is defined (see [1] ) to be the smallest positive integer k such that for any sequence (x 1 , · · · , x k ) of k (not necessarily distinct) elements of (Z/nZ) d , there exists a subsequence (x j 1 , · · · , x j n ) of length n and a 1 , · · · , a n ∈ A such that n i=1 a i x j i = 0, where 0 is the zero element of the group (Z/nZ) d . When d = 1, this was denoted by E A (n) in [2] and [4] . The conjectured relation E A (n) = D A (n) + n−1, between the constants E A (n) and D A (n), has been proved by Yuan and Zeng ([14] ); and the related general conjecture for arbitrary abelian groups has also been established by Grynkiewicz, Marchan and Ordaz ( [7] ) recently.
These constants are respectively the analogues of the Davenport constant (see [10] , for instance) and some constants considered by Harborth [8] and others ( [6] , [9] , [12] , [13] ). We shall be mainly interested in the numbers
where n = p, with p prime and U a subgroup of Z * p . Here, and henceforth, for a positive integer n, we shall write Z n , and Z * n in place of Z/nZ, and {a ≤ n : (a, n) = 1}, respectively, for simplicity. Unless explicitly stated otherwise, throughout the paper, U stands for a subgroup of Z * n and p denotes a prime. We shall often use the following simple observation: 
Proof of (i). 
To prove the equalities asserted, use these inequalities and the following zero-sum free sequences. The sequence ( 
For the case U = {1}, we can consider the sequence comprising of each of
repeated p − 1 times. Finally, if U is the set of quadratic residues, then write Z * p = U αU . Then, the sequence of 2d elements
Proof of (ii).
Consider the sequence of length ld in (Z/nZ) d comprising of each of
repeated l times. If it has a subsequence, say a 1 , · · · , a k , and elements
, then looking at each co-ordinate, we have min {l : U has a zero-sequence of length l} ≤ l, a contradiction to the hypothesis. The particular case n = p follows by noting l = 1 ≥ p−1 |U | and using part (i) of the upper bound. Thus (ii) is proved.
Proof of (iii).
Note firstly that if (p−1)/|U | is odd, then 1, −1 ∈ U by the observation in the beginning. Write D = log 2 (p d + 1) and consider any sequence
d , then they must be the various elements of this group and one of them is zero. If these sums are not distinct, there exist two subsets
Cancelling off all the terms corresponding to J 1 ∩ J 2 , we have a nonempty subset J 0 and j ∈ {1, −1} such that j∈J 0 j a j = 0 ∈ (Z/pZ) d . This completes the proof.
Remarks.
(ii) The value of D U (p, d) for the case U = {1} is well known. In fact, this case corresponds to the classical Davenport constant and the value is known for all finite abelian p -groups (Olson [10] ). We shall be using the result in the particular case in the next proposition.
Recall that the floor and ceiling functions are defined as follows. For a real number x, x denotes the smallest integer ≥ x, and, is known as the ceiling of x. Similarly, x denotes the greatest integer ≤ x, and, is known as the floor of x.
Proposition 2.
Let A = {1, 2, · · · , r}, where r is an integer such that 1 < r < p. We have
Proof of (i).
Considering the sequence 
On the other hand, from Part (ii) we have
thus obtaining the exact value of D A (p, d) in this case.
(ii) Since the value of the classical Davenport constant is known for all finite abelian p -groups (Olson [10] ) and for all finite abelian groups of rank 2 (Olson [11] ), it is clear that results similar to the above proposition can be obtained for groups of the form (Z/p k Z) d and (Z/nZ) 2 , for positive integers k and n.
The following proposition generalizes some results in [5] and some in [4] . Proposition 3.
Moreover, if U is the group of quadratic residues, then for
, it follows by the Chevalley-Warning Theorem that there is a nontrivial solution X i = x i ∈ Z p because the sum of the degrees is
follows by considering the following pzerosum-free sequence of length d + p − 1 :
Proof of (ii).
This has a similar proof. Let a 1 , · · · , a t ∈ (Z/pZ) d be arbitrary, where 
Proof of (iii).
Clearly, a sequence of length D U (p, 1)−1 which has no zero-sum subsequence with weights in U can be augmented with the sequence (0, · · · , 0) repeated p−1 times and the combined sequence cannot contain a zero-sum subsequence of length p. This proves the inequality f U (p, 1)
Remarks.
Similar to what we observed in the case of D U (p, d), one has that equality may not hold in (ii) of the above proposition, in general. For instance, f U (7, 2) < 13 when U is the subgroup of cubic residues.
Another method which is often useful in deducing results on zero-sums is to use the Cauchy-Davenport Theorem which states:
Using this, one has, for a 1 , · · · , a r ∈ Z * p and for a subset A of Z p , that
In [4] , it was shown that when n = p 1 p 2 · · · p k is square-free and coprime to 6, then f U (n, 1) = n + 2k. For prime n, this is a consequence of (ii) of proposition 3 above -in fact, an inductive argument can be used to deduce this result for general square-free n. Now, we prove a generalization of proposition 11 from [4] where subgroups more general than the subgroup of squares are treated. This is the following:
odd and square-free and let
given by the Chinese remainder Theorem. Suppose r ≥ max { Taking m = n, (ii) follows from (i); one simply uses the observation that n ≥ kr.
Remarks.
As has been remarked following Proposition 3, the upper bounds in the above proposition may not be tight. In fact, it can be checked that f U (13, 1) ≤ 15, where U is the subgroup consisting of cubes.
Finally, we partially generalize the result f {1,−1} (n, 2) = 2n − 1 proved in [1] for odd n. The following Proposition treats the problem for more general subgroups and for general d. We obtain only an upper bound. 
Here, we have denoted by Z * n , the group of units of Z/nZ and, for r ≥ 1, write U (n, r) = {u .
